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Abstract 
We prove that for all positive real numbers x ~ 1, the harmonic mean of (F(x)) 2 and (F(1/x)) 2is greater than 1. This 
refines a result of Gautschi (1974). 
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1. Introduction 
In 1974 Gautschi [3] proved that the harmonic mean of F(x) and F(1/x) (x > 0) is greater than 
or equal to 1, i.e. 
2 
t> 1 for all x > 0. (1.1) 
1/F(x) + 1/F(1/x) 
A generalization of this inequality to more variables can be found in [4]. 
It is the aim of this note to present an inequality which is closely related to (1.1). We establish that 
for all positive real numbers x the harmonic mean of (F(x)) 2 and (F(1/x)) 2 is greater than or equal 
to 1, i.e., 
2 
1/(F(x)) 2 + 1/(F(1/x)) 2>~ 1 for all x > 0. (1.2) 
Our proof of inequality (1.2) is mainly based upon monotonicity properties of some functions 
which are connected with the psi function $ = F'/F, and on some numerical values of $ and its 
derivative. 
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If we denote by 
A(a' b) - a + and Q(a, b) = ( a2 + b2) 1 /2 ,2  
the arithmetic mean and the quadratic mean of a and b, then inequalities (1.1) and (1.2) can be 
written as (1 1 ) (1  1) 
A F-(x) F(-1/x) ~< 1 and Q if(x) F(1/x) <~ 1 (x > 0). 
Since A(a, b) <~ Q(a, b) for all a and b, we conclude that inequality (1.2) is stronger than (1.1). 
Many interesting properties of these and other mean values are given in monograph [1]. 
2. The main result 
Our main result is the following: 
Theorem. I f  x is a positive real number, then 
(r(x))  -2 + (r (1/x))  ~ <<. 2, 
with equality holding if and only if x = 1. 
Proof. We define for x > 0: 
f (x )  = ( r (x ) ) -  2 + ( r (1 /x ) ) -  5. 
Since f(x) =f(1/x)  and F(1) = 1, it suffices to prove that f is strictly decreasing on (1, ~). 
We denote by Xo = 1.4616 ... the abscissa of the minimum of F. Since F is strictly decreasing on 
(0, Xo] and strictly increasing on [Xo, oo), we conclude that f is strictly decreasing on [Xo, oo). 
Let x e (1, Xo); differentiation yields 
f ' (x)  = - 2( r  (x)) - 3 r ' (x )  + 2x - ~ ( r  ( 1/x)) - 3 F'(1/x). 
A simple calculation reveals that the inequality 
f ' (x)  < 0 
is equivalent to 
0 < log( -  ~,(1/x)) + 2 log(F(x)) - l og( -  ~,(x)) 
- 2 log(x) - 2 log(F(1/x)) = F(x), say. 
Differentiation leads to 
½ xF'(x) = u(x) - ½[v(x) + v(1/x)] -- 1 (2.1) 
with 
O'(x) 
u(x) = x~(x) + ~(1/x) and v(x) = x ~(x---)" 
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Next, we prove that u is increasing on (1, oo) an that v is decreasing on (1/Xo, Xo). Using the series 
representation 
~, x (x -  1) 
xO(x) = - i +(1-C)x+ ~ (k + l)(k + x) (C=Eu ler ' sconstant )  
k=l  
(see [2, p. 804-]), we obtain 
( u ' (x )=(1-C)  1-~-~ + = (k+l ) (k+x)Z(kx+l )  2 
with 
pk(x) = k2x 4 + 2k(k 2 + 1)x 3 + ( -  k 3 + 4k 2 + k + 1)x  2 -t- k 3 - 4k 2 - k - 1 
-- 2k(k z + 1) 1 -  k21  
X X 2" 
I f x> landk~>l ,  thenweget  
pk(X) > k 2 + [2k(k 2 + 1) - k 3 + 4k 2 + k + 1]x 2 
+ k 3 - 4k 2 - k -  1 - 2k(k z + 1) - k 2 
= (k 3 + 4k 3 + 3k + 1)(x 2 - 1) > 0, 
which implies that u'(x) > 0 for all x > 1. Now, we establish that v is decreasing on (1/Xo, Xo). We 
have 
I)'(X)X(O(X)) 2 = 0(x )Ex0 ' (x )  -+- X20"(X) -] - -X2(~f(X))  2. 
Let 
y(X) = (X20t(X)) ' = 2x~,'(x) + x20"(x), 
then we obtain 
v'(x) x (0 (x))2 = O (x) [y (x) -- x0'(x)] - x2 (O,(x))2 
= O (x) y(x) - O'(x) [xO (x)x2O'(x)]. (2.2) 
In [3-] it is proved that xO(x) and x2~,'(x) are increasing on (1/Xo, Xo). This implies 
y(x) >~ 0 for all x E (1/Xo, Xo) (2.3) 
and 
1 
x~(x)  + xZ~'(x) ~ [-~(1/Xo) + - -  ~'(1/Xo)] 
Xo 
= 0.509 ... for all x~(1/Xo, Xo). (2.4) 
Since ~ < 0 < ~,' on (1/Xo, Xo), we conclude from (2.3) and (2.4) that the expression on the 
r ight-hand side of (2.2) is negative. Hence, we have v'(x) < 0 for all x ~ (1/Xo, Xo). F rom (2.1) and the 
monotonic i ty  of u and v we obtain for all x ~ (1, Xo): 
½xF'(x) >~ u(1) -- ½Iv(l) + v(1/Xo),] -- 1 = 0.064 . . . .  
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Thus, F is strictly increasing on (1, Xo), so that we have F(x) > F(1) = 0 for all x ~ (1, Xo), which 
implies that f i s  strictly decreasing on (1, Xo). This completes the proof of the Theorem. [] 
Acknowledgements 
I thank the referee for helpful comments. 
References 
[1] P.S. Bullen, D.S. Mitrinovi6, P.M. Vasi6, Means and Their Inequalities, Reidel, Dordrecht, 1988. 
[2] G.M. Fichtenholz, Differential - und Integralrechnung II, Dt. Verlag Wissensch., Berlin, 1979. 
[3] W. Gautschi, A harmonic mean inequality for the gamma function, SIM J. Math. Anal. 5 (1974) 278-281. 
[4] W. Gautschi, Some mean value inequalities for the gamma function, SIAM J. Math. Anal. 5 (1974) 282-292. 
